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each section of each unit.As well as the glossary has been
prepared in both Arabic and English languages in addition to
the table of contents, which also shows therequired material
from the textbook.
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1.1.Exercises:
1.Solve the given linear systems by the method of elimination:
(a). x-2y=8

3x+4y=4
(b). 3x+2y+z=2

4x+2y+2z =8
X-y+z =4
(c). 2x+3y=13
x-2y =3

5x+2y =27

2. An oil refinery processes low-sulfur and high-sulfur fuel.Each ton of
low-sulfur fuel requires 5 minutes in the blending plant and 4 minutes in
the refining plant.Each ton of high —sulfer fuel requires 4 minutes in the
plending plant and 2 minutes in the refining plant .If the plending plant
is available for 3 houresand the refining plant is available for 2 houres
,how many tons of each typ of fuel should be manufactured?.

3.A dietician is preparing a meal consisting of foods A,B, and C.Each
ounce of foodA contains 2 units of protien, 3 units offat , and 4 units of
carbohydrate.Each unit of food B contains 3units of protein ,2 units
of fat, and 1 unit of carbohydrate. Each unit of food C contains 3
units of protein ,3 units of fat, and 2 unit of carbohydrate.If the meal
must provide exactly 25 units of protein ,24 units of fat , and 21 units of
carbohydrate,how many ounces of each type of food should be used?.



1.2.Exercises:

1. Let
10 3 -1 3
1 2 3
A= , B=|2 1 and C=|4 1 5
2 1 4
3 2 2 1 3

If possible ,compute: B'C+A

2b 2a—-b 4 -2
2.If a+ a = ,find abc and d
2c+d c-2d 4 -3

3. Consider the following linear system:

2X+w=7
3X+2y+3z2=-2
2X+3y—4z=3
X+3z2=5

(a) Find the coefficient matrix.
(b) Write the linear system in matrix form.
(c) Find the augmented matrix.

4. Write the linear system with augmented matrix?

-2 -1 0 4 5
-3 2 7 8 3
1 0 0 2 4
3 0 1 3 6

5.A manufacturer makes two kinds of products,P and Q,at each of two
plants,X and Y.In making these products, the pollutants
sulfurdioxide,nitric oxide,and particulate matter are produced.The
amounts of pollutants produced are given (in kilograms)by the matrix
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SulfurNitricParticulate

Dioxideoxidematter

~|300 100 150 ProductP
1200 250 400 |ProductQ

Stateand federal ordinances require that these pollutantsbe
removed.The daily cost of removing each kilogram of pollutant is given
(in dollars)by the matrix

Plant XPlant Y

8 12| Sulfur dioxide
B=|7 9 Nitric Oxide
15 10 |Particulat  matter

What do the entries in the matrix ProductAB tell the manufacturer?

6. A photography business has a store in each of the following cities:
New York,Denver,and Los Angeles.AParicular make of camera is
available in
automatic,semiautomic,andnonautomaticmodels.Moreover,each
camera has a matched flash unit and a camera is usually sold together
with the corresponding flash unit.The selling prices of the cameras and
flash units are given (in dollars)by the matrix

AutomaticsemiautomaticNonautomatic

B 200 150 120| camera
B 50 40 25 |Flash unit

The number of sets (camera and flashunit )available at each store is
given by the matrix:
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New York Denver Los Angeles

(220 180 100 Automatic
B=|1300 250 120 |Semiautomadic
120 320 250 | Noautomatic

(a) What is the total value of the Camera in New York?
(b) What is the total value of the flash units in Los Angeles?

1.3.Exercises:

1If A:{‘Z 3} and B:F 6},showthat AB=0.
2 3 2 4

show that AB = AC.

3. Consider two quick food companies,M and N.Each year ,companyM

keeps %of its customers,while % switch to N.Each year ,N keeps % of

its customers,while%switch to M.Suppose that the initial distribution of

the market is given by X, =

wWiINWI| -

(a) Find the distribution of the market after 1 year.

(b) Find the stable distribution of the market.
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4.Let A and B be symmetric matrices.
(a) Show that A+B is symmetric.

(b) Show that AB is symmetric if and only ifAB=BA

5. If A is annxn matrix ,prove that
(a)AATand AT.Aare symmetric.
(b) A+AT is symmetric.

(C)A - AT is skew symmetric.
1.4.Exercises:

1.Which of the following matrices are in reduced row echelon form?

1 000 -3 010 0 5
A=/0 01 0 4|B=|0 01 0 -4
0 1 2 000 -1 3
01 0 0 2]

01 0 5 0000 -1
C=/0 01 0 4/D=|0 0 0 1 4
01 -2 3 0000 O
0 000 1

1000 2 0000 O
E200100F20012—3
0001 3 0001 O
00000 0000 O
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1000 100
0100 010
G= H=
0001 -1 000 -1
000O0 O 000 O
2. Let

1 0 3

-3 1 4

A=

4 2 2

5 -1 5

Find the matrices obtained by performing the followingelements row
operations on A.

(a)Interchanging the second and fourth rows.
(b)Multiplying the third row by 3.

(c) Adding -3 times the first row to the fourth row .

3. If
1 -2 0 2
2 -3 -15
A=
1 3 25
1 1 0 2

Find a matrix Cin reduced row echelon form that is row equivalent to A.
4. Find all solutions to the given linear system:

X+y+z=1

X+y—-2z2=3

2X+y+2=2

9. Find all values of a for which the resulting of the following linear
systemhas:
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X+y—-2=2
X+2y+z2=3

X+y+(@°-5)z=a

(2)No solution,
(2)A unique solution,
(3)Infinity many solutions

6. Solve the linear system with thefollowing given augmented matrix:

o P
N T

1
0
1

7. A furniture manufacturer makes chairs, coffee tables, and dining-
room tables. Each chair requires 10 minutes of sanding, 6 minutes of
staining, and 12 minutes of varnishing. Each coffee table requires 12
minutes of sanding, 8 minutesof staining,and 12 minutes of
varnishing.Each dining room table requires 15 minutes of sanding, 12
minutesof staining,and 18 minutes of varnishing. The sanding bench is
available 16 hours per week, the staining bench 11 hours per week, and
the varnishing bench 18 hours per week. How many (per week) of each
type of furniture should be made?

1.5. Exercises:

1. Show that
Is non-singular.
2.Show that
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Is singular.

3.Find the inverse of the following matrix, if possible

O

Il
o R
N
N N W

4. Which of the following linear systems have a nontrivial solution?

(a) X+2y+32=0
2y+2z2=0
X+2y+3z2=0
(b) 2x+y—-2=0
X—2y—-3z=0
-3Xx—-y+2z=0

5.Consider an industrial process whose matrix is

Find the input matrix for the following output matrix
30

B=|20
10
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6.For what values of A does the homogeneous system

(1-D.x+2y=0
2x+(A-1)y=0
have a nontrivial solution?

/. Suppose that A and B are square matrices and AB=0.If B is non-
singular, find A.

8. Let A be nxnmatrix.Prove that if A is non-singular, then the

homogeneous system AX=0 has trivial solution.
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1.6 :Answers to Exercises:

1.1. Exercises:

1. (a)
X—2y=8 /.2 (Means Multiply the equation by 2)
+ (Then add to the second equation)
3x+4y=4
X=20=x=4
Xx-8 4-8
=——=——=-2
y 2 2

The solution is:x=4,y=-2

b)
3X+2y+z=2 [.-1
_|_

4x+2y+272=8
X+Z=0uoeerees cervrrens e (1)
3X+2y+2=2

+
X—y+z=4 /.2

18
5x+3z2=10..ccccu. ... (2)



X+z=6 [.-3

5x+3z=10

2X=-8=>X=-4=72=6-x=6-(-4)=10
y=X+z2-4=-4+10-4=2
x=-4, y=2, =10

c)

2X+3y =13
_|_
X—2y=3 /-2

y=7T=y=1=x=3+2y=5
5(5)+2(1)=27
S X=5y=1

2. Suppose that: x, :low- sulfur, x, :high- sulfur,and note that 2 hours =
2x60=120 minutes, and 3 hours = 3x60=180 minutes.

5%, +4X, =180
4x, + 2%, =120
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5%, +4x, =180
4%, + 2%, =120/-2

—3X, = —60 = x;, = 20ton

% = %(120_ 4x,) = %(120— 4.(20)) = 20ton

3.Suppose that: x, : food A, x, :food B , x, :food C
2%, +3X, +3%X; =25
3X; +2X, +3X, =24
AX, + X, +2X; =21

2X, +3X, +3z, =25 [.=-2

_|_
AX, + X, +2X; =21

—5X, —4X, =—-29

—5X, —4x, =-29 /.(-1)

1.2.Exercises:

1 2 3 1233_13
1.B" = ., BT.C-= 14 1 5=
01 2 01 2
2 1 3
. 18 6 25
B"C+A=
10 4 15

20

|

17 4 22
8§ 3 11

|

=3.2



2.

a+2b=4 [.—2
+
2a—-b=-2

-5b=-10=b=2,=a=4-2b=0

5c=5=c=1=>d=4-2c=2

~a=0b=2c=1d=2

3.(a): The coefficient matrix is:

R N oW N
o W N O
I
o
o O O -

(b): Thelinear system in matrix form:

20 0 11[x][7
32 3 0|yl |-2
2 3 -4 0|'z| |3
10 3 0||w| |5

C :The augmented matrix.

2 0 0 1.7
3 2 3 0:-2
2 3 -4 0:3
1 0 3 0:5
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4.
— 2%, — X, +4X, =5
—3X, +2X, + 7X; +8X, =3
X, +2%X, =4

3X, + X; +3X, =6

5.For each product P or Q, the daily cost of pollution control at plant X

or at Plant V.
6. (a)
220
A=[200 150 120]| 300 |=($103400]
120
(b)
100
A=[50 40 25] 120 |=[$16050]
250

1.3. Exercises:

tao-[) 3 L4 e
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3. The information can bedisplayed in matrix form as:

>

Il
wWiINW| -
NIFPN| -

(a)The distribution of the market after 1 year is:

X, =AX, =

0

WINWI| -
NIFRPN| -
WiIbNDWI| -
|
Ol N~

(b)The stable distribution of the market is [ﬂ -a+b=1

.a:a:>1a+lb=a, , Za+1b:b
b b 3 2 3 2

wliNnw| -
N IFRPN| -

a=1-b=i(-b)+ib=1-b=b=2, a=>
3 2 7 7

4.
(@): (A+B) is symmetric matrix if:

(A+B)=(A+B)’

23



(A+B)" = AT+ B’

But A=A"T and B = BT because A and B are symmetric
matrices , So (A+B)" = AT+ B =A+B

(b):- Suppose that AB=BA.
(AB) is symmetric matrix if (AB)=(AB)"
(AB)'=B' .A'=B.A=AB
~.(AB) is  symmetric  matrix
- Suppose that(AB) is symmetric matrix .
Take (AB)=(AB)'=B".A"=B.A as both Aand B are symmetric
matrices.

AB = BA

a. AAT issymmetricif (AAN=(A.AT)T
(A.AN)'= (A A'=AAT
Similarly for AT.A.
b.A+AT is symmetric if A+AT=(A+A")"
(A+ANT = (AHT+AT= A+AT
c. A-ATis skew symmetric if A-AT=- (A-A")’
- (A-A)'= -(AT-(AT)N=-AT+A=A-AT
1.4.Exercises:
1. AEG

2.
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1 0 3
5 -15
d
(a) 4 2 2
-3 1 4
1 3
-3 1 4
b
(b) 12 6
5 -15
1 0 3
-3 1 4
C
(c) s o
2 -1 4
3.
1 -2 0 2 1 -2 0
2 -3 -1 5| -2R+R,—»|0 1 -1
1 3 2 5 -R+R;> |0 5 2
11 0 2| -R+R,—»>|0 3 O
1000
_101 00
(0010
0 001
4.
1 :1 1 1
-2 3|2z-R+R,—> |0 O
1 : 2] -2R,+R; —»|0 -1
1 0 O 1 1
R, #R,|]0 -1 -1 : 0|2 -R, |O
0 0 -3 : 2 _%R3_>o

Xi=1 , X2 =0.667 ) X3 =-0.667

25

1

2R, +R, [1

~

-1

1
-3 : 2|z
0
0 0 1
11 0
01 : —=

2 0
1 1
3|7 -5R,+R, >0 0 7 -2
0| -3R,+R, >0 0

0

R;,+R,—>|1 0 O

0 0 -3

0 -1 -1
=-R;+R, =

0 0

o N =

1




11 -1 :2 11 -1
12 1 = 3|= 12 1
11 a*-5 : a| -R+R, |0 0 a’-4

(1) No solution:
a’-4=0,a-2#0=>a=-2

(b)) A unique solution:
a’—4#0,=acR/{2-2}

(c) Infinity many solutions:

N

a‘’-4=0,a-2=0=a=2
(6)
1 :0 11 1 0| -R;+R,
0 : 3|=-R+R,—>|0 0 -1 3| =
1 :1 01 1 1
10 -1 10 O -1
R,«<R;j0 1 1 : 1 |=zR;+R,—>|0 1 O 4
0 0 -1 0 0 -1 3
X1=-1 , X,=4 , X3=-3
(7)

Let: x=number of chairs
y=number of coffee tables

z= number of dining room tables.

10x +12y +15z =960
6Xx +8y +12z =660
12x +12y +18z =1080

26
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|

10 12 15
6 8 12
12 12 18

1080

960 1 0 0 : 30
660 =0 1 0 : 30|=
0 0 1 :
x=30 ,y=30 z= 20

1.5. Exercises:

1.A is non-singular matrix because there exist matrix B such that
A.B=B.A=I

s 1 s 1
1 1-23]|-23f|1 1|01
4 4 4 4

2. Suppose that

d

2 1lila b 2a+C 2b+d 1 0
AB = . = =1, =

-4 -2|lc d —4a-2c —4b-2d 0 1

Equating corresponding elements of these two matrices, we obtained

a b
B:L } Is an inverse of A. Then

the linear system

2a+c=1 /.2

—4a-2c=0

27



So this linear system has no solution .Hence there is no such matrix B
and A is singular matrix.

3. o 1 -1
C'=|2 -2 -1
-1 1 1
4.
1 2 3 1 2 3
(@) 0 2 2|z 0 2 2|=Singular Matrix
1 2 3] -R+R,—|0 0 O

The syst n% hlas ontrivial olution

1] RReR[1 -2 -3 1 -2

(b) 1 -2 -3|= 2 1 -1{=-2R, +R,—>|0 5

5.X=A".B -3 -1 2 -3 -1 2 3R, +R, [0 -7
~15 -1 35 L -2 -3 - -
2 o 5 5 | = Singular Matrix

A*=| 25 2 -55
+R, >0
05 0 -0Bf2""s
The system has nontrivial solution

0 O

-15 -1 35 |30 -30
X=A"'B=|25 2 -55|/20|=| 60
05 0 -05}[10 10

R

{/1—1 2 :o}—le—{—zmz 4 :o}

—24+2 -4
2 A-1:0] A-D—>|22-2 (1-1)* : 0

0 A —21-3

P -21-3=0=>(A-3)(1+)=0=>1=31=-1
28
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-3
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7. AB=0=ABB'=0B*=0=A=0

8. AX=0=A'AX=0=X=0

1.7Glossary:

Matrix:4 giuaa

Zero matrix: 4 ia 43 siaa

Square Matrix: 42 s 4 sias

Reduced Row Echelon form: jeal) All Jsidi
Diagonal Matrix:4_kbil) 48 siaal)

Identity Matrix: 33> o) 43 giaa

Triangular Matrix:4:itia 48 siaa

Coefficient Matrix:<: telaal) 43 giaa
Augmented Matrix:3iaa) 43 siaall

Linear System: /il aladl)

Inverse of a Matrix:(‘ujim-d\ U §524) 48 giaall Rl Bl
Transpose of a Matrix:4d siaall J siia

Rank of a Matrix:48 siaal) 4

Elementary Row Operations: fxll ciuall cillas

29



30



I:I []

Chapter 2

— [ 1
Y e s e e oo e e de e
Jeterminanits
| B 8wl 8L | = | B |




32



2.1. Exercises:

1. Find the number of inversions in each of following permutations of

s=1{1,2,3,4,5}

(a) 52134
(b) 45213
(c) 42135

2.Determinate whether each of the following permutations of

S = {1’2,3’4} Is even or odd

(a) 4213
(b) 1243
(c) 1234

3. Compute thefollowing determinants:

2 _
(a)
3 2
(b) 4 2 0
0 -2 5
O 0 3
4. If
a’l aZ a3
‘A‘ =b, b, bj=-4
¢, C G 33



Find the determinants of the following matrices:

8, a8, &
B=|b, b, b
CS CZ Cl

And
al a2 a‘3
D=|b +4c, b,+4c, b,+4c,
Cl C2 C3

5. Evaluate the following determinants using the properties of this

Section:
(a) 4 -3 5
A=5 2 0
2 0 4
2 0 1 4
(b) 3 2 -4 -2
B =
2 3 -1 0
11 8 -4 6
(C) 4 1 2
C=0 2 3
0 0 -3

34



6. If Aand B are 3x3 matrices with W =2 and
Calculate
(a) [3A

(b) |A@3B)?

€ BAB?

(@ |[A'B|

(e) |A%

7. Show that if A=A™, then |Al =+1

8.Show that if A=A, then |Al =1

9. Show that
1 a a’
1 b b*=(b-a)c—a)c-b)
1 ¢ c°

This determinant is called a Vandermonde determinant

2.2.Exercises:

1. Let
1 0 -2
A=|3 1 4
5 2 -3

Compute all the cofactors.

2. Compute the determinants of the following matrices:

1 2 3
(a) A=|-1 5 2
3 2 0

35
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4 —4 2 1
(b) 5|1 2 03
2 0 3 4
0 -3 2 1
3. Let
6 2 8
A=|-3 4 1
4 -4 5

(a) Find adj A.
(b) Compute ‘A‘
(c) Compute A.(adj A)

4. Compute the inverse of the following matrix:

4 0 2
A=0 3 4
01 -2

5.Use theorem 2.12 to determine which of the following matrices are

non-singular:

4 3 -5

(a) A= —2 —1 3
4 6 -2
1 3 -1 2]

(b) 5 |2 6 4 1
13 5 -1 3
4 -6 5 2]

2 2 -4
C=|15 2| 4
3 7 -2



(c)

d p=

R P O

1
2
3

A~ O DN

6. Use Corollary 2.3 to find out whether the following homogeneous
systems have nontrivial solutions:
(a) x+y-z=0
2x+y+2z=0
3x-y+z=0
(b) x+y+2z+w=0
2x-y+z-w=0
3x+y+2z+3w=0
2x-y-z+w=0
7. Solve the following linear system by Cramer's rule:
X+y+z-2w=-4
2y+z+3w=4
2x+y-z+2w=5
x-y+w=4

8. Prove that \adjN = ‘A‘H

37



2.3Answers to Exercises:

2.1.Exercises:
1. (a) five inversions: 52,51,53,54,21.
(b) Seven inversions: 42,41,43,52,51,53,21
(c) Fourinversions : 42,41,43,21.
2. (a)even(n=4:42,41,43,21)
(b) Odd (n=1:43)
(c) Even( n=0)
3.(a) (2).(2)-(-1)(3)=7

(b) (4)(-2)(3)=-24

“ [B=-1|A=4
Cl=2lA=-8
Dl =|A=—4
5.(a)
4 -3 5 4 -3 5
s 2 d- Sramoo B B
2.0 4 1 o 3383 | ()R, +R
5 1T 5 5 223
A=aZ Yy =72

4" 46




2 -4 -2 -R,+R, >-8

B: =
(b) B 33 -1 0 2
11 8 -4 6 11
2 0 1 4
2R,+R, >|-4 0 -2 -8
CE -
2 3 -1 0
11 8 -4 6
B[=0
(c)
4 1 2

0 1 4
-6 0 -8
3 -1 0|
8 -4 6
“R,+R, —|0
—4
2
11

Cl=0 2 3|=4(2)(-3)=-24

0 0 -3

6. @ [3A=3°|A=54

1
27(4)

L 1 1
b)  |A@B) ‘:|A|.|3B|:|A|.33l|B|:2

39

_ 1
54

—2 -8
~1 0
—4 6




1 1
€  [3AB7= 33.|A|.H =25 ="

@ [aBT|=|a?|8T|= 1 |-

A
(e) ‘AZ‘:\AHA‘:4

7. A=A :\A\:\A—l\:i:wz =1=|A =11
A

8. A=A :>‘AT‘=\A\=‘A‘1‘=‘%:>\A\Z =1=|A =11

2 2

1 a a 1 a a 1 a a?
9. 1 b b?=-R, +R, >0 b-a b’-a’l=(b-a)c-a)0 1 a+b
1 ¢ ¢’ -R+R, >0 c-a c’-a’ 0 1 c+a
1 a a'
(b—a)(c—a) 0 1 a+bj=(b-a)lc—a)(c—Db)
0 0 c-b
2.2.Exercises:
1.
1 4 3 4
= (=)™, =-1 = (=)™, =29
All()2_3‘1 A12<)5_3‘
31 0 -2
— _1 1+3. =11 — _1 2+1. =_4
A13(>52‘ Aﬂ()z_g‘
1 O
1 _2 —(_ 2+3 -
Ap=(-p22f "oz, A= z‘
5 -3 40




0 -2 1 -2
= _1 3+1. :2’ — _1 3+2. :_10
A31 (-1 1 4‘ A32 (-1 2 4‘
1 0
Ay =(-1)°7, =1
@ |4=1 B A el A
2 0 |3 0 |3 2

4 21 |4 -4 1 |4 -4 2
(b) ‘B‘=—3.1 0 3-21 2 3+1]1 2 0=75
2 3 4 2 0 4 2 0 3

@ Ao, e A ~apl )} dr

As =(—1)1*3-_43 _44‘=—4 A21=(—1)2+1._24 2‘:-42

Azz:(—l)m-i §‘=—2 A23=(—1)2+3.?1 _24‘=32
A_;._z(—l)-*"-j ?‘:—30 A32=(—1)3+2._63 ?‘:—30

41



5 o 24
Ay = (-1 —30=>C=|-42
3 4
-30
24 —-42 -30
Adj(A)=C"={19 -2 -30
-4 32 30

(b)

19 -4
-2 32
-30 30

A = (6)(24) +(2)(19) +8(-4) =150

AAdj(A) =|All,=| 0 150 O

150 0 O
0 0 150
10 _ 0
) 2_ O
o2

! 1 -2

A - 4 0
o 1



-10 O 0

A33:‘4 O‘:12:>C: 2 -8 —4|=|A=(-10).(4)=-40
-6 -16 12

-10 2 -6
Adj(A)=C"=| 0 -8 -16
0 -4 12

1 -1 3]

4 20 20

A—lzi.Adj(A)z o I 2
A 5 5

o L =3

| 10 10|

5 (@) |A=0=Singular Matrix

(b)  |B[=0=Singular Matrix

(c)  |C|=0=Singular  Matrix

(d)  |D|=—2=Nonsingular  Matrix

1 1 -
@ 2 -1 2“=4: Has Nontrivial ~ Solution

3 -1 1
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1 1 2 1
(b)2 -l =0= Has Trivial  Solution
3 1 2 3
2 -1 -1 1
7 11 _2] (4]
0 2 3 4
A: B:
2 1 -1 5
1 -1 0 1| 4|
-4 1 1 =2 1 -4 1 -2
A = 4 2 1 3 AZ_o 4 1 3
15 1 -1 27 12 5 -1
4 -1 0 1| 1 4 0 1|
(1 1 -4 -2] 1 1 —4]
A - 0 2 4 3 A 0 2 4
12 1 5 2 ““12 1 -1 5
1 -1 4 1| 1 -1 0 4

A|=—60
Al A A Al
X=—=1 y=—">-=-1 z="—7-=0, w=—=2
A A | |

8. . .
AAdj(A) =|ALl, = [AAdj(A) =|ALl| =

. \ _ A .
A Adj(A)=|A .‘I‘:‘Adj(A)‘=% A"

n
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2.4Glossary:
The Minor of aj; :a;; sl aalial) Jaaal)

Cofactor:Jalaiall

Determinant: 23all
Adjoint of a Matrix: 44 siadl) o 3

Cramer's Rule : ) S 3313
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3.1.Exercises:

1. Determine the head of the vector _5\2A/}ose tail is at

(3,2). i

2.Determine the tail of the vector 5}hose head is at
(1,2). )

3.Let X=(1,2), Y=(-3,4),Z=(x,4),and U=(-2,y).Find x and y so that:

(a) Z=2X

k) 3y -y
2

(c) Z+U =X

4. Find the length of the following vectors:
(a) (1,2)

(b)(-3,-4)

5. Find the distance between pairs of points:
(a) (4,2),(1,2)

(b) (-2,-3), (0,1)

6. Find a unit vector in the direction of X

(a) X=(2,4)
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(b) X=(0,-4)
7. Find X.Y.
(a) X=(0,-1),Y=(1,0)
(b) X=(2,2),Y =(4,-4)
8. Write each of the following vectors in terms of i and j.
(a) (1,3)
(b) (-2,-3)

9. A ship is being pushed by a tugboat with a force of 300 pounds
along the negative y-axis while another tugboat is pushing along the
negative x-axis with a force of 400 ponds. Find the magnitude and
sketch the direction of the resultant force.

3.2.Exercises:
1. Find X+Y,X-Y,2X, and 3X-2Y if X=(1,2,-3),Y=(0,1,-2).

2. Let X=(1,-2,3),Y=(-3,-1,3),Z=(x,-1,y),and U=(3,u,2).Find x,y,and u so
that:

(a) Z+Y=X

(b) Z+U=Y
3. Find the length of the following vectors:

(a) (2,3,4)

(b) (0,-1,2,3)
4.Find the distance between the following pairs of points.
(a) (1,1,0),(2,-3,1)

(b) (4,2,-1,6),(4,3,1,5)
5. Find X.Y.

(a) X=(2,3,1),Y=(3,-2,0)
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(b) X=(1,2,-1,3),Y=(0,0,-1,-2)
6.Which of the following vectors:
X1=(4,2,6,-8),X,=(-2,3,-1,-1),X3=(-2,-1,-3,4),X,=(1,0,0,2),X5=(1,2,3,-4),
Xs=(0,-3,1,0)are:

(a) Orthogonal?
(b) Parallel?
(c) In the same direction?

7. Find a unit vector in the direction of X.
(@) X=(1,2,-1)
(b) X=1(1,2,3,4)
8.Write each of the following vectorsin Rin terms of i j,and k.
(@) (1,2,-3).
(b) (2,3,-1).
9.Write each of the following vectorsin R*as a3x1 matrix.
(a) 2i+3j-4k.
(b) i+2].

10. A large steel manufacturer, who has 2000 employees, lists each

299 \f an 8 percent

employee's salary as a component of a vector Sin R
across-the-board salary increase has been approved, find an

expression involving S giving all the new salaries.
3.4.Exercises:

1. Determine whether thegiven set together with the given operations
is a vector space. If it is not a vector space, list the properties of
Definition 1 that fail to hold.

(a)The set of all ordered triples of real numbers (x,y,z)with the
operations (x,y,z)a@®d(x’,y',z) = (X", y + V', Z)
c.(x,y,2) =(cx,cy,cz)
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(b) The set of all ordered triples of real numbers of the form (0,0,z)with

the operations (0,0,z) ®(0,0,z') = (0,0, z+z")andc.(0,0,z) = (0,0,cz)
(c)The set of all positive real numbers with the operations  yx y = Xy

2. Which of the following subsets of R* are subspaces of R*? The set of
all vectors of the form

(a) (a,b,c,d),where a-b=2
(b) (a,b,c,d),where c=a+2b and d=a-3b.
(c) (a,b,c,d),where a=0 and b =-d

3. Which of the following subsets of the vector space of all 2x3
matrices under the usual operations of matrix addition and scalar
multiplication are subspaces?

a b c
(a) ] O}where b=a+c
(b) [a b c
d e f,where a=-2c andf=2e+d.

3.5.Exercises:

1.Which of the following vectors are linear combinations of X,=(4,2,-3),
X,=(2,1,-2),and X5=(-2,-1,0)?

(a) (4,2,-6)

(b) (-2,-1,1)

2.Which of the following vectors are linear combinations of
P.(t)=t’+2t+1, po(t)=t’+3, ps(t)=t-1?

(a) t+t+2.

52



(b) -t*+t-4.
3. Which of the following sets of vectors span R*?
(a) (1,0,0,1),(0,1,0,0),(1,1,1,1),(1,1,1,0).
(b) (1,2,1,0),(1,1,-1,0),(0,0,0,1).
(c) (6,4,-2,4),(2,0,0,1),(3,2,-1,2),(5,6,-3,2),(0,4,-2,-1).
(d)(1,1,0,0),(1,2,-1,1),(0,0,1,1,),(2,1,2,1)
4. Do the polynomials t*+2t+1,t*-t+2,t>+2,-t>+t*-5t+2 span P3?

5.Which of the following sets of vectors in R® are linearly dependent?
For those that are ,express one vector as a linear combination of the
rest.

(a) X1=(4,2,1),X,=(2,6,-5),X3=(1,-2,3)
(b)) X1 =(1,2,-1),X,=(3,2, 5)
(c)X1=(1,1,0),X,=(0,2,3),X5=(1, 2,3),X4=(3,6,6)
(d) X1 =(1,2,3),X,=(1,1,1),X5=(1,0,1)
3.6.Exercises:
1. Which of the following vectors are bases for R*?
(a) (1,3),(1,-1).
(b) (1,2),(2,-3),(3,2)
(c) (1,3),(-2,6)
2. Which of the following vectors are bases for P5?
(a) P+2t7+3t, 2t3+1, 63+8t7+6t+4, t2+2t%+t+1
(b) C+t2+t+1, C+2t%+t+3, 20+t%+3t+2, +t°4+2t+2

3. Let W be the subspace of P; spanned by
{0 +12 -2+ 1,87 +1t3 - 26,263 + 3t% — 4t + 3
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Find a basis for What is the dimension of W ?
4.Find a basis for R* that includes the vectors (1,0,1,0),and (0,1,-1,0)

5. Find the dimension of the solution space of

1 0 2]|x 0
2 1 3||%|=|0

31 2 x| |0
3.7.Exercises:

1. Find a basis for the subspace V of R* spanned by the vectors

and

w o011 w Ol

N DN
= I\)“ = N
N 00.. N W
w 00-. w w

1 2 3 2
A=/3 1 -5 -2 1
/7 8 -1 2

w
w
N
N

a linearly independent set of vectors in R*?

4. Determine which of the linear systems have a solution by
comparing the ranks of the coefficient and augmented matrices

Xl

1 2 5 -2 0
X2

(a) 2 3 -2 4 =|0
X3

51 0 2 0
R




-

(b) 1 -2 -3 4 1
X2

4 -1 -5 6 || %|=|2
X3

2 3 1 -2 2
X4

3.8Answers to Exercises:

3.1.Exercises
1. x=x;+m=3+(-2)=1
y=y1+n=2+5=7
-2
The head of the vector 5 is (1,7)
2. x=x,-m=1-(2)=-1

y=Y,-n=2-5=-3

The tail of the vector {2} is (-1,-3)
5

3. (@) (x,4)=2(1,2)=(2,4) , x=2

3 3 3
P2 y)= (3= (BT y)=4=4=Ty,  y=

w|

) xX4H+(2y)=12)=x-2,y+4)=(12)
X—2=1=x=3
y+4=2=>y=-2

4. (@) J1+2° =45

(b) V(-3 +(-4)° =V/25=5
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500 J4-1)%+(2-2)% =3

(b) ~4+16 =20 =2./5

3 1
(a) X = T (2,4)

;1
O  X=,0-9

7.(a)  X.Y=(0).(1)+(-1).(0)=0
(b)  X.Y=(2).(4)+(2).(-4)=0
8.(a) 1+3]
(b) —21-3]
9.

400 Pounds

300 Pounds

3.2.Exercises:
1. X+Y=(1,2,-3)+(0,1,-2)=(1,3,-5)

X-Y=(1,2,-3)-(0,1,-2)=(1,1,-1)
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2X=(2,4,-6)
3X-2Y=3(1,2,-3)-2(0,1,-2)=(3,4,-5)
2.(a) (x,-1,y)+(-3,-1,3) =(1,-2,3)
(x-3,-2,y+3)=(1,-2,3),
x-3=1 , x=4
yt3=3 ,y=0

(b) (x,-1,y)+(3,u,2)=(-3,-1, 3)
(x+3,u-1,y+2)=(-3,-1,3)
X+3=-3, x=-6
u-1=-1, u=0
y+2=3,y=1

3. (@) Ja+9+16 =429
(b) Jo+1+4+9=414

4.(@) 217+ (B-1)2+(1-0)? =1116+1=18 =312

(b) Ja-2Y +(3-22+1-(-1)) +(5-6)> =1+4+1=/6

5. (a) (2,3,1).(3,-2,0) =6 + (-6)+0=0

(b) (1,2,-1,3).(0,0,-1,-2) =0+0 + 1+ (-6)=-5

6. () X;and X; , X;andXs , X;and X5, Xsand Xg , Xz and Xg
(Xl.X2=0, Xl.X6=O,X2.X3=O, X3.X6=O,X4.X6=O)

(b) Xpand X5 (because  |X,.Xq|=|XX;] )
(C) None. (because Xf.Xj;tHX,rH.HXiH )

, 1
X =——(1,2,-1)
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7. (a)

1
J30

8. (a i+2j-3k

(b) X-= (1,2,3,4)

(b) o 3j-k
2
9. () |, (b) H
2
—4
10. 1.08.5S

3.4.Exercises:
1. (a)
Let X=(X1,y1,21) ’ Y= (XZIVZIZZ) ’ Z(x31y3123)lc and d inR.
XY =(X2,y1+y2,22) =Y @ X :(XllyZ +Y1121)
X @Y ©Z)=(%.Y1,2) @ (%, Y,.2,) D (X3, Y5, 2,)) # (X ®Y) @ Z

XD (_X) = (le Y1 21) + (_X1’_y1’ 21) = (_XI’ Y. — yl’_zl) = (_Xl’o’_zl) s (01010)

(c+d).X =((c+d)x,(c+d)y,,(c+d)z,) =c.X ©d.X =(d.x;,cy, +dy,,dz,)
Not a vector Space : (a) , (c) , (d), and (f) do not hold .

(b) Vector Space.

(c) Vector Space.

(@) Let X=(ay,by,c1): a1-b1=2, Y = (az,b,,¢;): a-b,=2
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X+Y=(a;+a,, b +b,,ci+¢;):a+a-bs-by=4 =2

X+Y ¢W
c.X=(ca,,cb,,cc,):c(as-b;)=2¢c =2
c.X gW

So W is not a subspace of R*.
(b) is Subspace of R”.

(c) isSubspace of R*.

b
3.(a) Let X:{ai : Cl}:blzaﬁcl ..Q)

d 0 0
a, b, c
Y=|? 7 2} b, =a,+C,  ...... Q)
|:d2 0 0 2 272
X 1Y = a,+a, b +b, c +¢,
d, +d, 0 0

D+(2)=b +b,=a +a,+c,+c, = X +Y eW

cX = ca, Cch cc
cd, 0 O

@O =b, =a,+c, /c=cb =ca+cc,=CcXeW=
W is subspace.

(b) Subspace

3.5.Exercises:

1. (a) -2X;+6X,+0.X3=(4,2,-6)
(b)  -X;+X,+0.X3=(-2,-1,1)
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2. (a) %Pl(t)+%P2(t)+0.P3(t) =t? +t+2

(b) %Pl(t)—gpz(t)+0.P3(t):_tz+t_4

3. (a)To show that (1,0,0,1),(0,1,0,0),(1,1,1,1),(1,1,1,0) spans R*,we let
X=(a,b,c,d) be any vector in R* .We now seek constants k;

_ka,ks,and k4 such that:
Kl(1101011)+k2(0111010)+k3(1)1) 1/1)+k4(1)1)110)=(alblcld)

k,+k;+k, =a
kK, +k, +k, =Db
k,+k, =cC
k,+k;=d =

K,;=d-a+c
K,=c-a
Ks=b-c
K4=a-c
so (1,0,0,1),(0,1,0,0),(1,1,1,1),(1,1,1,0) spansR*

(b) To show that(1,2,1,0),(1,1,-1,0),(0,0,0,1)spans R?,we let
X=(a,b,c,d) be any vector in R* .We now seek constants k;

ky and k3 such that:
Kl(1121110)+k2(1l11_1)0)+k3(ololol1)=(alblcld)

k,+k,=2a
2k, +k, =b
k,—k, =c
k,=d =
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1 0 0 :a 1 0 0O b-3a
2 0 0 :b 0 -1 00 b-2a
= =3a-2b+c=0
1 -1 0 0 :c 0 0 0 0 :33—2b+c
0 0 1 0 :d 0O 0 1 0 ; d

c=2b-3a=s0 the vector (1111) is not spanned by

the vectors(1,2,1,0)(1,1,-1,0)(0,0,0,1) .. these  vectors do not spans R4.

(c)To show that (6,4,-2,4),(2,0,0,1),(3,2,-1,2),(5,6,-3,2),(0,4,-2,-1)
spans R*,we let X=(a,b,c,d) be any vector in R* .We now seek
constants k; | kj,ks,k; and ks such that:

K1(6I4I-214)+k2(210101 1)+k3(312I_112)+k4(5l6l_3l2)+k5(ol4l-zl-1)=(alblcld)

6k, +2k, +3k; +5k, =a

4k, + 2k, + 6k, + 4k, =b
-2k, -k, -3k, -2k, =c
4k, +k, + 2k, +2k, —k; =d =

4 2 3 5 O a101§1 <
2 2 2
402 6 4 2Dl 1000 0 0 : b-2|_p 90
20 -1-3-2:¢l 1920 -4 -2: b-%
412 2 -1 :d] 1910 -4 -6: d-2c]
b=2c

So the vector (1,1,1,1) is not spanned by the vectors (6,4,-
2I4)I(210)O)1)’(3121-1’2)[(5161_312)I(OI4I-21-1)
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These vectors do not spans R”.

(d)To show that (1,1,0,0),(1,2,-1,1),(0,0,1,1,),(2,1,2,1) spans R* we let
X=(a,b,c,d) be any vector in R* .We now seek constants k; ka,ks and
ks and such that:

K1(1111010)+k2 (112I-1I1)+k3(OIOI1I1I)+k4(2I11211)=(alblcld)
K1+k2+2k4=a
K1+2k2+k4=b

'k2+k3+2k4=C

K2+k3+k4=d
1 1 0 2 al [1 0 0O —4a+5b+3c—3d |
1 2 01 b 01 00 a-b-c+d

= =
0 -1 1 2 c 0 010 -3a+3b+2c—-d
01 11 df |0 0 01 2a-2b-c+d |

k, =—4a+5b+3c—-3d
k,=a-b-c+d
k,=-3a+3b+2c—-d
k,=—2a-2b-c+d

So the vectors (1,1,0,0),(1,2,-1,1),(0,0,1,1,),(2,1,2,1) spans R*.

4.To show that t*+2t+1,t%-t+2,t>+2,-t>+t%-5t+2 spans P3,we let
X=at’>+bt’+ct+d  be any vector in P; .We now seek constants k; _
ky,k; and k, such that:

Ky (B+2t+1)+ko (1-t+2, 12 42) +k3 (£ +2)+ ky(-3+t%-5t+2)=at>+bt*+ct+d

K1(1101211)+k2(ol 11'112)+ k3(1101012))+ k4('1,1,'5,2)=(a,b,c,d)

k, =—4a+5b+3c—-3d

k,=a-b-c+d

k,=-3a+3b+2c—-d

k, =—2a—2b—c+d 62
q _4a+3b-c
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So a vector like t*+t*+t+1 is not spanned by the vectorst®+2t+1,t*-
t+2,6342, -3 +t%-5t+2.

The vectors t*+2t+1,t>-t+2,t+2,-t>+t°-5t+2 do not spans Ps.

5. (a)To show thatX;=(4,2,1),X,=(2,6,-5),X5=(1,-2,3) are linearly
depenent, we seek constants k;  k, and k; such that:

K1(4121 1)+k2(2;61_5)lk3(11_213)=(01010)
4k1+2k2+k3=0
2k1+6k2'2k3=0

K1-5 k2+3 k3=0 =

10 1 0
4 2 1 : 0 2
-1 1 -1
2 6 -2 :0(=|0 1 — Ol=k;=2t:teRk, ==k; =t,k, =—Kk, =t
2 2 2
1 -5 3 : 0 00 O 0
Take k =-1k,=1k,=2=The given vectors are linearly dependent

(b)To show thatX; =(1,2,-1),X,=(3,2, 5)are linearly independent, we
seek constants k; and k, such that:

K1(1r2r_1)+k2(3;2;5) = (01010) =

0Ol |1 0 :0
2 0j=z|0 1 : 0|=k =0k,=0=
-1 5 0| |0 O 0

The vectors X;=(1,2,-1),X,=(3,2, 5) are linearly independent.
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(c) Toshow that X; =(1,1,0),X,=(0,2,3),X5=(1, 2,3),X,=(3,6,6) are
linearly dependent, we seek constants k; , kj, ks and k;such that:

K1(11110)+k2 (01213)+k3 (11 2r3)+k4 (3,6,6) = (OIOIO) =

K1+k3+3k4 =0

K1+2k2+ 2k3+6k4 =0

3k2+3k3+6k4 =0 =
1 01 3 :0 1 00 2 :0
1 2 2 6 0(z(01 01 :0|=
0 3 3 6 :0 001 1:0

Let k4=1 j—

Ka=1 , ks=-1, ky=-2 —

The vectorsX; =(1,1,0),X,=(0,2,3),X3=(1, 2,3),X,=(3,6,6) are linearly
dependent.

(d) To show thatX; =(1,2,3),X,=(1,1,1),X5=(1,0,1) are linearly
independent, we seek constants k; , k, and kssuch that:

K1(11213)+k2 ( 11111) +k3(11011) = (OIOIO) —
K1+2k2+k3 =0
2k1+k2 =0

3k;+k,+ks; =0 —

1 1 1 : O a O O
2 1 O : O | =] 0O a1 O
3 1 1 : O O O N
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The vectors X; =(1,2,3),X,=(1,1,1),X5=(1,0,1) are linearly independent.
3.6.Exercises:
1.

(a) Toshow that (1,3),(1,-1) is linearly independent ,we form the
Equation:
C1X1+¢,.X,=0
¢ (1,3)+c,.(1,-1) .0

(c1#+cy, 3¢4-¢3)=(0,0),

c,+¢,=0

3c,-¢,=0

4c,=0=>c, =0=c, =0

So (1,3),(1,-1) is linearly independent.
To show that (1,3),(1,-1) spans R%,we let X=(a,b) be any vector in
R* .We now seek constants k; and k, such that

Ki(1,3)+kz.(1,-1)=X=(a,b), (ki+kz,3ki-kz)=(a,b)
k,+k, =a

3k, —k, =D

ak —a+bok =3Py g =g 2FP_3ath
4 44
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So spans Ria)dis-a)asis for R’.
(b) To show that (1, 2), (2,-3),(3,2) is linearly independent
,weform the equation:
1 X1+Co. Xo+C3. X5= O, c1(1,2)+c,.(2,-3) +c3.(3,2) = (0,0)
(c1+2c,+3c3,2¢4-3¢,+2¢3) =(0,0),
C1+2¢,+3¢3=0
2¢4-3Cy+2¢3

This system has infinity many solutions as

Showing that S ={(1,2), (2-3), (3,2) } is linearly dependent.
Hence S does not span R? and is not a basis for R%.

(c) is a basis for R%.

2. (b)
3. 11 -2 1] 11 -2 1
01 0 1/ |01 0 1
10 -2 0/ /00 0 O
2 3 -4 3/ /00 0 0

Possible answer: {t3 +t2 -2t +1,t° +1} , dimw=2.4.
Possible answer:  {(1,0,1,0), (0,1,-1,0), (0,0,12), (0,0,0,1)}

102:0][100°¢:0
> 121 3 :0[=[010:0/=x=X=%X=0
312:0/(001:0



The solution setis g _ {(0,0,0)}

The dimension is zero.

3.7.Exercises:

1. (121 2] 101 0]
2 1 2 1 0101
3 2 3 2|z(0 0 0 0|

3 3 3 3 0 00O
5 35 3] |00 0 0]
Possible answer : 1170
0|1

1[]0

_O_ _1_

2 1 00 O 0
1 -5 -2 1|=z|0 1 0 0.308 0.615 =
8 0 0 1 0462 -0.077

The row and column rank are 3

1 2 1 0 0.833
5 -5|=z|0 1 -1333|=>
-1 3 00 0

Linearly dependent.

4
3. S=|2

1 2 5 -2 1 0 0 0.265

2 3 -2 4 =01 0 0675 |=
4. (a)

5 1 0 2 0 0 1 -0.723
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The rank of the coefficient and augmented matrices are 3,

So the linear system has a solution.

(b) 12 5 -2 [1 0 -1 1143
2 3 -2 4|01 1 -1429
51 0 2| |00 0 0

The rank of the coefficient matrix is 2.

1 -2 -3 4:1 1 0 -1 1143 : 0571
4 -1 -5 6:2.=z|0 1 1 -1.429 : 0.286
2 3 1 -=-2:2 0 0 0 : 1

o

The rank of the augmented matrix coefficient matrix is 3.

So the linear system has no solution.
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3.9Glossary:

Vector:4aia

N-dimensional:n ¥ s

Linear Space: s slab
Subspace: (> slad

Spanning Set: 31 g 4s gaza
Linearly Independent:Ghi i,
Linearly dependent:Gha 4dagi 4
Polynomial:2gis S

Linear Combination:4ssi 4. 3
Basis:uludl

Dimension:
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4.1. Exercises:

1. Which of the following are linear transformation?
X+y

@@L = |y

2. Which of the following are linear transformation?
X X+y

(@) L||ly|| = 0
2X—12

() - [
y x2 4+ yz

3. Let: be liRéas Rransformation for which we know that:

o - Ll o )

(@) What is ng} )
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4. Let L: p,— psbe linear transformation for which we know that
L(1)=1, L(t) =t*, and L(t’) =t>+t.

(a). Find L(2t>-5t+3).
(b) .Find L(at’+bt+c).
4.2. Exercises:

1. Let L: R>> R’ be defined by?

X

KR

y
(a). Find ker L.

(b) . Is L one —to —one?
(c).Is Lonto?

2. Let L : R>> R* be defined by ?

Xl Xl
10 -1 3 -1

X2 X2
. 10 0 2 -1

X = X

3 2 0 -1 5 -1 3

X4 X4
00 11 0

XS XS

(a) Find a basis for kerL .
(b) Find a basis for range L.
(c) Verify Theorem 4.7.

3. Let L: R*— R® be Linear transformation ?
(a) If dim (ker L) =2 ,what is dim (range L)?
(b)) If dim (range L) =3 ,what is dim (ker L)?

4.Determine the dimension of the solution space to the homogeneous
system AX=0 for the given matrix.
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4.3. Exercises:

o L]

be abasis for R . Find the coordinate vectors of the following vectors
with respectto S.

@. |~ 3}
7

(b) 3
' 7

2.let S= {t2 +1,t —1,t}

be a basis for P,. Find the coordinate vectors of the following vectors
with respectto S.

(a)t* +2
(b) 2t—-1

3. Let L : R*>R’ be defined by

X—2Y

()

X+y

Let Sand T be the natural bases for R? and R?, respectively . Also , Let

[EEN

1

0
1 1 O !/
S'= , and T'=<|1(]1/|-1
1|1
of1(| 1
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be bases for R? and R?, respectively, Find the matrix of L with respect
to:

(a)SandT.
(b) 8 and T’

1
(c)Compute LHZD usin g the matrices obtained in (a) and (b).

4. Let L : R>> R”be defined by

i

Let S and T be the natural bases for R* and R?, respectively. Also, let

—
N < X

-1

be bases for R’and R?, respectively.
Find the representation of L with respect to

(@) Sand T
(b) s* and T

1
(c) Compute L||2 using both representations.
3

5.Letbe allinkarsrahsformation. Suppose that thematrix of L with
respect to the basis

S= {xl’xz}
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where

(a)Compute [L(x,)], and [L(X,)]s

(b) Compute | (x,) and L(X,)

(c) Compute L({_;D

6. LetL : R°>> R’ be defined by

1\ 1 0 2 0 1
L=||o|| =|2| ul1l|=|o| .Ll|o||=|0|
0 0 0 1l 1 1

(a). Find the matrix of L with respect to the natural basis S for R®.

1
(b). Uﬁri\rédthe d('é n% ion of L and also
3

using the matrix obtained in (a).
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4.4 Answers to Exercises:

4.1.Exercises:

1. (a)
Let % X2
X = Y1 | Y = Y,
Z Z,
Then
Xy X, X+ X, X +X+Y, 1Y,
LIX+Y)=L{ |y, [+| Yo [|=L Vi t+Y, |= Yity,
Zl 22 Zl+22 X1+X2—Zl—22
Xty X, +Y,
LX+Y) = v | v [=LOO L)

Also, if cis a real number, then

CX, CX, +Cy, X, +Y,
L(cX)=L||cy, ||=| ¢y, =c| Yy, [=cL(X)
cz, CX, —Cz, X, — 2,

Hence L is a linear transformation.

(b) Let

L(X +Y) = qul}{xzﬂz L[Xl +x2} :{(xl +%,)2+ X% +x22}
Y1 Y2 YitYo Vit Yo = (Y +Y,)

2 2 7 2
L(X)+L(Y)=|:X 1+X1}+{X 2+X2}:|:% 1+ X +X 2+X2:|¢L(X +Y)

2 2 2

Vi—=Yia ]| [ Y,=Y% ]| [Yi-Ya+y,-y%



Hence L is not a linear transformation.

2. Let
Xl X2
X = Yi | Y = Y,
Zl Z2
Xy _Xz X X, X +X,+Y +Y,
LOXHY) =L | Yy |+ Y2 [ |[=L Yt Y, |= 0
| |17, z,+1, 2(%, +X,)—(z,+2,)
X +Y; | [ %+,
L(X+Y)= 0 + 0 =L(X)+L(Y)
2%, -2, | | 2%, -2,

Also, if c is a real number, then

CX, CX, +Cy, X, + Y,
L(cX)=L||cy, ||= 0 =c|/ O =c.L(X)
cz, 2CX, —CZ, 2%, — 7,

Hence L is a linear transformation.
(b) L(X)+L(Y)#=L(X)+L(Y)
Hence L is not a linear transformation.

3.(a) (3-2)=c,(11)+c,(0,) =(c,,c,+¢C,)=>c, =3,c,=-5




(b) (a,b)=c, 11 +c,(01) =(c,,c,+C,)=>cC, =a,c,=b-a

L_a_ = cl.LF_ + cZ.L{O} = a.LF} +(b- a){o}
b 1] 1 1 1

Ja =a.[ 2 ‘+(b_a){1}{ a+h }
b -3 2 —-5a+2b

We can solve this question using L[X]= AX =

(-2 -

= = =>C, +C, =2 : c,+C, =-3
|:C3+C4_ _3:| 1 2 3 4

G2 e

(Y A



(-5

al a+b
b| |-5a+2b

4. (a) L(2t*-5t+3)=2.L(t%)-5L(t)+3.L(1)

L(2t%-5t+3)= 2.(t*+t)-5(t})+3.1 = 2t>-5t*+2t+3

(b) L(at*+bt+c)=a.L(t?)+bL(t)+c.L(1)

L(at’+bt+c)= a.(t+t)+b(t?)+c.1 = at>+bt’+at+c

4.2 .Exercises:

1. () «x = 0
xty = 0
y =0

(b) Lis one - to —one because kerL = {[0}
0

(c) Given any

, X
are any real numbers, can we find X :{ 1}

in R? so that

Y1
Y=|y,| in R® where y,y, and

Ys

X,

L([x])=Y? we are seeking a solution to

the linear system:

L(X)=AX =Y

80
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c, G, X CX+C,Y X

L(DD: Cc; C, D}: X+Y|=[CX+Cy[=|X+Y|=

C5 CG y CSX+C6y y

cX+C,y=x=c¢, =1c,=0
C;X+C,y=Xx+y=c¢,=1¢c, =1
CsX+Cy=y=c¢,=0,¢c, =1=

>
Il
o K K
=

We are seeking a solution to the linear system :

10 A
Xl Xl
X2 X2

0 1 Y,

The reduced row echelon form of the augmented matrix is :

0 : A
1 Yo=Y
0 Ys= Y.+t Y:

o O -

Thus a solution exists only for Ys= Yo+ = 0,

and so L is not onto.

2@ 10 -13 -1t 00 2 -05
100 2 -1/ |0 00 0 -05
20 -15 -1/ o001 -1 0]
00 -11 0] /000 0 -05
81



xx=0 , x,=titeR, Xx;=x,=t:

X, =Ss:5eR, X =-2X,=-2t:teR

x| [-2t] [-2t] [0 -2 0
X, S 0 S 0 1
X, |=| t |=| t |+|0|=t] 1 |+s/0|=
X, t t 0 1 0
x| [ 0] [ 0] [0] o] |O]
170
011
posssible  basis  for kerL:<| 1 [|O]¢
11]0
(b)
1 1 2 0] 100 1]
0 0 0 O 010 -1
-1 0 -1 -1|=z(0 01 O |=
3 2 5 1 000 O
-1 -1 -1 0] |0 00 O]
r—l— — 0_
. : 0|1
posssible  basis  for rangelL: : :
0] O
1]]-1
(c) L: Sl

dim(ker L)+dim(range L)=dim V
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3. (a) dim(range L)=4-2=2

(b) dim(ker L)=4-3=1

4. -2 1 0 -7
3|20 1 5 |=
-1 0 0 O

X;=8:5eR, X =7x;=7s:seR
X, =-bX; =-bs:seR

The solution space: 7s
-5s|:seR

S
The dimension of the solution space to the homogeneous system AX=0
for the given matrix Ais 1.

4.3. Exercises:
1. (a) -3 1 2] [ ¢ +2c,
=C,. +C,| _|= =
-7 -1 3| |-¢ +3c,

c,+2¢,=-3
+
—C,+3c, =—7
5,=-10=c¢,=-2=c¢ =7/+3c,=7-6=1

-3 1
The coordinate vector of the vector {_ 7} with respectto S: {_ 2}

3 1 2 c, +2¢,
=C,. +C,| _|= =
7 -1 3| |—-¢ +3c,

C1+2C2 =3 83

—C,+3C, =7



3 -1
The coordinate vector of the vector {7} with respectto S: { 2 }

2. (@) t2+2 = cq(tP+1)+cy(t-1)+cs(t)=cy.t?+(Cr+c3)t+(ci-Cy)
C1=1 ) Cl'C2=2 ,C2='1,C2+C3=0,C3='C2=1

The coordinate vector of the vector  t*+2  with respect

ToS: 1
-1
1 -
0
(b) 1
1
3. (a) -

The matrix of L with respectto SandT:

1 -2
2 1
1 1
(b) 1 3 1 0 1 .
L[LlD =|1|=c¢1l|+c,|1]|+c5 -1 301=§
0 0 1 1
o=, -2
3 3
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1 0 1 1 3
o2 o .-_2
2 3’ 3 3
7
3 3
The matrix of L with respectto S and T° : -2 5
3 3
2 -2
L3 3]
(c)- For(a) :
1 -2 -3
1 1
HIEEH
1 3
- For(b):
7 4] =1
3 3 3
BRI RRE
2]) |3 31l2] |3
2 -2 -2
| 3 3 | | 3 ]
1 0
4. (a) Ulo :[1] 1P :[1}’
0 1
0 0

The representation of L with respecttoSand T:
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(b)
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The representation of L with respect to: S’ and

ot
Lol - 3 |IXs
3

1 0

5.(a) [L(X,)], = LZJ

[L(X,)], = {ﬂ

17711 1
(b) L(X,)=2.X, ~1.X, = 2{2}[_1} :M

AR
L(X,)=-3X,+4.X,=-3| _|+4 ~ |=
21" -1 |-10

(c) =C, X, +C,.X,




c,+c,=—2 , 2¢,—C, :3:>c1:%,c2 =—

=c.L(X, )+, (X, )

— O

s hf-[llonzs}

(b) -Using the definition of L:

]
Bt

- Using the matrix obtained in (a):

T T
W NN wWw DN

L(X) = A* X

B
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4.5 Glossary:

Linear Transformation: hd Jisad

Kernel: 3/

Range:sall

One to One:al o aal g

Onto:Jal

Reflection: (ulsad)

Rotation:))s?

Composition of Linear Transformation:dxhid) el sail) cus i
Transition Matrix: 48U 4 giaal)

Matrix Representation of a Linear Transformation '&9\9&4& gbﬁ‘ Jagadll Sl
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5.1.Exercises:

1. Find the characteristic polynomial of each matrix .
1 21

(@) 0 1 2
-1 3 2

4 -1 3
(b). 0 2 1

0 0 3
2. Find the characteristic polynomial,eigenvalues, and

eigenvectors of each matrix.

1 0 0
(@) -13 0
3 2 -2
(b). 1 -1
2 4
3. Find which of the matrices are diagonalizable.

(a) . {_12 (ﬂ
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4. Find for each matrix A, if possible , a non-singular matrix
Psuch that PAP is diagonal .

(a). 4 2 3
2 1 2
-1 -2 0
1 2 3
(b) 010
2 1 2

5. Prove that if A and B are similar matrices, they have the

same characteristic polynomials and hence the same
eigenvalues.

5.2.Exercises:

1. Verify that

2 -2 1
P= |3 3 3
2 1 -2
3 3 3
12 2
3 3 3|

Is an orthogonal matrix.

2.Diagonalizable each given matrix A and find an orthogonal
matrix P such that P"'AP is diagonal.

(a). 2 2
o
000
022

(b). 022

3.Diagonalizable each given matrix.

2 1
1 2 94



(a).

(b).

(c).

4 . Show that if Ais an orthogonal matrix, then  |A=+L
5.Show that if Ais an orthogonal matrix, then A"

is orthogonal.
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5.3 Answers to Exercises:

5.1. Exercises:

1. (a) -1 -2 -1
A—A=| 0 A-1 —2|=2-422+7
1 -3 A-2
i-4 1 -1
(@) |m-A=| 0 1-2 -1|=(A-4)(1-2)(A-3)=2—94*+261-24
0 0 A-3
M-A=l1 1-3 0 |=(A-D(A-3)(A+2)=f(A)
-3 -2 A+2

A =12, =31 =2

0 0 0:0
(LI-AX,=0=|1 -2 0 : 0|=|0
-3 -2 3 : 0| |o

NSp
o]l

o

_ 3 3 3 3
X =S:S€R, x1=Zx3=Zs,:> X, =§X3=§5

6
Let s=8=Xx,=6, X,=3,=>X,=8= X, =3
8



-3 0 O 0 100 0
(L1 -A)X;=0=|1 -5 0 :0/=z/0 1 0 0=
-3 -2 0 0f |0 0O 0
X,=5:5€R, X =0,=2x%,=0
0
Let s=1=x=0, X,=0,=x,=1= X;=|0
1
(b) -1 1
|/”LI—A|=‘ ‘:(/1—1)(/1—4)+2=/12—5/1+6:f(/l)
-2 A-4
A =2,1,=3,

(/lll—A)X1:O:>{l 1 0};{1 1 : O}:
-2 -2 : 0 0 0:0

X,=s:seR, X =-X,=

-1
Let s=1l=x=-1 X, =1= Xlz[}

-1
Let s=2=x=-1 X,=2= Xlz{}

1 0
3.(a) EigenvalqA) = {J Eigenvecq A) = L} = By using theorem5.2

matrix is not diagonalizable
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1 1 -0.707 0.964
(b) Eigenval{A)=|-1|, Eigenvec{A)=|0 0707 0.148 = by using
2 0 0 0.222

theorem5.2 the matrix is Diagonalizable

3 0.811 -0.707
4. (a) Eigenval{A)=|1|  EigenvecyA)=| 0.324 0 =by using theorem5.2
1 —-0.487 0.707
the matrix is not diagonalizable
-1 -0.832 -0.707 -0.137
(b) Eigenval{A)=| 4 |, EigenvecqA) = 0 0 0824 |=
1 0.555 -0.707 -0.549
Diagonaliable =Using  theorem5.2:
-0.832 -0.707 -0.137 -3 -1 -1
P= 0 0 0.824 or P=]0 0 6
0.555 -0.707 -0.549 2 -1 -4

5. B=P"AP= |l -B|=|1l -PAP|=|PAUIP-P*AP|=|P" (LI - A)P| =
=|P|ja1 - AP = ﬁw ~ AP =[Al - A=

Al —B|=[al - A

So A and B have the same characteristic polynomials and
hence the same eigenvalues.

5.2. Exercises:

1. 2 21
3 3 3
propi-|=2 1 2/
3 3
2
3
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P Is orthogonalmatrix.

2. (a) 1 1
eigenvals(A):B}, eigenvecs(A) = ‘E */15
V2 2
11
D{o o} p_|V2 V2
o af P7ITL T
V2. V2
0 1 0 0
(b) eigenvalA)=| 0|,  eigenvecyA)=|0 11
B T2 2
) o L L
V2 V2]
0 00 01 g_)
D=0 0 0, P=|0 —= =
V2. 2
0 0 4 1 1
0o — -
V2 V2]
3. (a) |A|—A|:0:‘)“_2 _1‘:
-1 A-2
(A1-2)°-1=0
2 4)+3=0=(1-3)(A-1)=0
W=l , 2,=3>

. 3 :
eigenvaly A) = {J U sing theorem5.2 =

9
3 0

D=
o3



(b)

(c)

A-2
A-2).
A=27

A-1 -1 0
Al-A=0=|-1 2-1 0 |=
0 0 -

i-1 -1
(/1—1).‘ B l_]Jzo

(A-D|(A-1)° -1]=0= (A-1)(#* =24) =0

(A-D(A-2)1=0=

eigenvaly A) = Using theorem5.2=

A-A=0=|-1 1-2 -1|=

-1 -1 A1-2
-1 -1 -1 -1 A-2
* _1* =0
2 -1 A1-2 -1 -1

100

(A-2)|(1-2)2-1]-1*(1-2)-1-1-41+2=0=
(A—2)(A2—41+3)-A+2-2=0



(A-1)2(A—-4)=0=

A=l A,=1 A,=4

eigenvalyA) =1 | Using theorem5.2 =
4

O

I
o o P
o r O
A O O

4.if Ais an orthogonal matrix ,then A=Al

So |AT=|AT|=|A7=|A
l —

A=A 1= =

5.Need to show that (A™)* = (A'l)T

Suppose thatA is an orthogonal matrix

By taking the transpose both sides of equation(1)we

get (A7) = (AT)'=A=(A")*, (A" = (A7)

A is an orthogonal
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5.4 Glossary:

Eigen Value: 5 _jxa 4ad

Eigen Vector: i 4aia

Characteristic Polynomial: jseall 3gaall i<
Characteristic Equation:3 jaall dlalaal)
Eigen Space: jxaall slail)

Similarity: 4;La)

Similar matrices:A¢LWiia b giaa

Diagonalizable Matrix: 4k 48 sias ) 3 gaill ALIAY 45 ghuaal)

102



I:I [

Chapter g




104



6.1.Exercises:

1. Steel producer makes two types of steel: regular and special .Aton of
regular steel requires 2 hours in the open —hearth furnace and 5 hours
in the soaking pit ;a ton of special steel requires 2 hours in the open-
hearth furnace and 3 hours in the soaking pit. The open- hearth
furnace is available 8 hours per day and the soaking pit is available 15
hours per day. The profit on a tonof regular steel is$120 and it is $100
on a ton of special steel.Determine how many tons of each type of
steel should be made to maximize the profit.

2.Atelevision producer designsa program based on a comedian and
time for commercials .The advertiser insists on at least 2 minutes of
advertising time , the station insists on no more than 4 minutes of
advertising time, and the comedian insists on at least 24 minutes of the
comedy program .Also, the total time allotted for the advertising and
comedy portions of the program cannot exceed 30 minutes .If it has
been determined that each minute of advertising(very creative)
attracts 40,000 viewers and each minute of the comedy program
attracts 45,000 viewers, how should the time be divided between
advertising and a programming to maximize the number of viewer-
minutes ?

3. The protein Diet Club serves a luncheon consisting of two dishes, A
and B . Suppose that each unit of A has 1 gram of fat, 1 gram of
carbohydrate , and 4 grams of protein , whereas each unit of B has 2
grams of fat, 1 gram of carbohydrate, and 6 grams of protein .If the
dietician planning the luncheon wants to provide no more than 10
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grams of fat or more than 7 grams of carbohydrate, how many units of
A and how many units of B should be served to maximize the amount
of protein consumed ?

4. Sketch the set of points satisfying the given system of inequalities.

a. 2X—-Yy<6
2x+y <10
x>0

X+yz4 y>0

b. X+4y=>8

x>0
y>0

5. Minimizez=3x -y
Subject to

-3X+2y<6
5x+4y>20

8x+3y<24

x>0

y>0

6 .Formulate the following linear programming problem as a
new problem with slack variables.

Maximize z =2x1+3X, + 7x3

subject to

3X; + X, —4%x, <3
X, —2X, +6x, <21
X, — X, —X3 <9

X =0

X, 20

X320
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6.2 Answers to Exercises:

6.1. Exercises

1.Supposethat x is the mount of regular steel, and y is the
mount of special steel.

Maximize Z=120x+ 100y

Subject to
2X+2y<8
5x+3y <15
x>0
y>0
2.Suppose that x is advertising time, and y is the time of the
comedy program

Maximize Z= 40000 x +45000 y

Subject to

X+y<30
y =24
X>2
Xx<4
x>0
y>0
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3.Suppose that x is the mount units of type A ,and y is the
the mount units of type B.

Maximize Z = 4x+6y

Subject to

X+2y <10
X+y<7
x>0
y>0

4. (a)

Ix=v=6

(0,-6)

(b)
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AN
0,4
(0,4) A
—
(0,2)
>YANOQ
o (4,0) (8,0 ——— X =
x+4y X 8
X+y D 4
5.
(8 6, 24)
11 5 5
’ 17 17

(4,0)
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36 40 8,

1717 17
6 24 -6
(5’ 5) 5
8 45
X=— , y = —
11 11
i -21
minz =——
11
6.
Maximize z = 2x; +3x; +7 X3
Subject to

3X, + X, —4X;, + X, =3

X, —2X, +6X; + X, =21

X, =Xy =Xz +Xg =9

X, 20,x,20,%X; 20,%x, 20,X;, 20,xs 20
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6.3 Glossary:

Linear Inequality:4sail) 4l
Objective Function:<iagll ¢yl 38

Constraints: (k<) 258
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The End
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